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ABOUT CORDIAL VOLTERRA INTEGRAL OPERATORS

(Vou)(t) = /0 %@(%)u(s)ds, (Voau)(t) = /0 1gp(%)a(t, su(s)ds, 0 <t <T.

Proposition. Let ¢ € LY0,1), a € C"™(Ar) for an m > 0, where Ap =
{(t, s):0<s<t< T}. Then V,, € L(C™), i.e. V4 is a linear bounded
operator in C" = C™0,T]. Operator V,, € L(C™) with ¢ # 0 is compact if
and only if a(0,0) = 0. In particular, V,, € L(C™) for m = 0,1,... It holds
| Ve lleem < fy | @lx) | de, Vith = @Y, where 3N) = [ a’o(z)da,
ReA > 0, is the (shifted) Mellin transform of ¢,

orem (V) ={0yU{@(k) - k=0,1,....,m — 1} U{P(A) : ReA > m},

O‘E(Cm)(v%a) = G,(O, O)Uﬁ(cm)(vgp).



THE PROBLEM

"1
/ ¢ (;)a(t, sju(s)ds = f(t), 0 <t <T, or V,,u=Ff. (1)
0
Assumptions: for an r € R (mostly we are interested in case r = 0), it holds that
1
| a1 ¢t@) de < o )
0
1
[ ari-a) o) | do <, )
0
1
o(r) ::/ z"p(x)dr >0, (4)
0
Vs(x) = Bo(r) + 2 (x) >0 (0< 2z <1) foraf <r+1; (5)

for an m > 0, it holds that

ac C"YAr), and a(t,t) =1 (0<t<T). (6)



MAIN RESULTS
Theorem 1. Assume (2)-(6) for r =0. Then V,, is injective in C,
V . € LICMHLC™), O™ C V. (C™) O™

Corollary 1. Assume (2)-(6) for an r € R. Then for any f of the form
ft) =t f.(t), fr € O™, equation (1) has a unique solution w of a similar form
u(t) = t'u.(t), u, € C™. Namely, u, is a unique solution in C™ of the equation
Vo, atr = [ with o (x) = p(x)z" (0 < x < 1) which satisfies (2)-(6) for r =0,
hence the inverse V|, € L(C™,C™) eists.

Proof sceme of Theorem 1. Rewrite (1) as

Vou+Vopu=f, b(t,s)=al(t,s)—1, b(t,t) =0.

From [5] we know that under conditions (2)-(5) for » = 0, V,, is injective in
C and V' € L(C™,C™). We prove that V,, € L(C™,C™*") and that this
operator is compact if 9b/0t |;—s—o= 0. Thus equation (1) is equivalent to the

second kind equation
U+ V@_IV%(,U = Vsp_lf.



The compactness of V'V, € L(C™) can be achieved by treating (1) w.r.t.
new unknown u(t) = e *u(t) with p = dalt, 3)/8t’t:8:0; this changes b(¢, s) into
b(t,s) = a(t, s)e =) Now Ob/Ot |;—s—o= 0, and V.5 € L(C™, C™*1) is compact.

We show that the homogeneous equation u + Vgp_lV%bu = 0 has in C only the

trivial solution. The claims of the Theorem follow by the Fredholm alternative. [

Introduce the weighted space C)"" = C/""(0,T] consisting of functions u €
C™(0,T] such that finite limits lim,_o t* "u¥)(¢), k = 0, ..., m, exist; the norm in
C."" is defined by

_ k—r (k)
Il flgmr e [ w™(t) |

Theorem 2. Assume (2)-(6) for anr € R. Then V., is injective in Cy",
Voa €LICITINCNT), CITH C V() € O

Also for Hoelder spaces, a counterpart of Theorem 1 can be established.



APPLICATION TO ABEL TYPE EQUATION

Jo& = s)g(s/t)alt, s)uls)ds = t*f (D), (7)
where ~y,v,\ are real parameters,
v>0, 0<v<1l, Ay >0, 0#£geW-0,1), g >0, ¢ > 0. (8)

With respect to ug(t) = t"u(t), 8 = 1 — X — v, equation (9) can be represented

in the form of cordial equation (1) with the core function
ox) =291 —27")"g(z), B=1—\—qv < 1, satisfying (2)-(5) for r = 0.

Applying Theorem 1 we obtain

Theorem 3. Assume (8) and a € C™HAg) for an m > 0, a(t,t) # 0
(0 <t <T). Then for any f € C™ equation (7) has a unique solution of the
form u(t) =t Pug(t), B=1-X—yv <1, uzg € C™, || ug ||[ecm< c || f ||cms1.

In case g = 1 equation (7) has been studied by Atkinson [9]; then Theorem 3
slightly strengthens the result of Atkinson: instead of a € C™(A7), in [9] it is
assumed that a € C™2(Ar).



STABILITY OF THE SOLUTION

~

Consider the perturbed equation V,, ;u = f.
Theorem 4. Let o satisfy (2)-(5) forr =0, a € C™HAr) for an m > 0,
and a(t,t) # 0 for 0 <t < T, whereas a € C**YAr) for a k, 0 < k < m. Then

there exists a 0o > 0 such that condition
H a—a HC’”I(AT)S (5()

implies the existence of a unique solution u = Vgp}}f: e CF of the perturbed equation

Voau = f for any f € C*1. Foru = Vgﬁjf e C™, the stability estimate

li—u i< e (Il a—allosgag + 11 F = f llow)

holds with a constant ¢ independent of perturbed data a and f :



For a perturbation of ¢, the result is different (Theorems 5 and 6).

Theorem 5. Assume (2)-(6) for r = 0. Then there is a &g > 0 such that for
any @ satisfying fp(x) +x@'(x) > 0 (0 < z < 1) with a f < 1 independent of @
(cf. (5)), condition

1
5= [ (1 (@) = pla) | 421 = )| $(0) = ¢'la) o < b
implies the existence of the inverses Vg{’; c L(CHL,OF), and
| Viaf =Viaf ller—0as 6 =0, Vfe O™ k=0,...m,

| Vg{,al — V@jal ||£(Ck+1,0k—1)§ co, k=1,...,m, with c independent of ©.



Let us concretise the last theorem for the case ¢ = ¢,

x), O<zx<1l—c¢
ou(x) = A7) S1=¢ co<a
o(l—e)1—e)fz P 1-e<a<1

Theorem 6. Under conditions (2)-(6),
|V f=Voaf llex— 0 ase =0, VfeC"' 0<k <m,

|| Vgp_g,la o Vgp_’c} ||£(C’k+1’ck—1)§ C(Sg, 1 S k S m,

where

5= [ (Ip(@) = eulo) | 4a(l = ) | #12) - olfe) |)do
0

<+ 81+80) [ lalda+ [ all-a) @i



POLYNOMIAL COLLOCATION

Denote by II, = II, o the Chebyshev interpolation projector to the space
P,, of polynomials of degree < n: for v € C, Il,v € P,, (IL,v)(t;) = v(t;), i =
0,...,n, where t; = % (1 + cos 2%72—:_11)71') are the Chebyshev knots in the interval
0, T']. Consider the solving of equation (1) by the collocation method

Up € Py, 1L,V u, =11, f.
Theorem 7. Assume that o satisfies (4)-(5) for r =0 and, for a v € [0, 1),
| 2F(1 —2)fe®(2) |[< cx V(1 —2)7 (0 <z < 1), k=012,

whereas a satisfies (6) for an m > 1, and Oa(t,s)/0t |j=s—o= 0. Then for any
f € C™ equation (1) has a unique solution uw € C™, for sufficiently big n there

s a unique collocation solution u, € P,, and with c independent of n, T and f,
| v —u, ||c<cT™n~ ™1 +logn) || ul™ |c .
Using an idea of [2| the method can be reorganised into a discrete version of
complexity O(n?) flops and accuracy || u—uy, ||c < cT™n " (1 +1logn)? || u ||gm.

Notice a high accuracy of methods if T' is small.



SPLINE COLLOCATION

Consider uniformly spaced grid points ih, ¢ = 0,..., N, h = T /N, splines (in
general discontinuous at ¢h, ¢ = 1,..., N — 1) of degree n — 1, n > 1, and some
collocation (interpolation) parameters 71,...,7,, 0 < 74 < » < ... < 7, < 1.
Introduce corresponding spline interpolation projector Py in a usual way:.

1. Solving equation u + Vgp_lV%bu = Vgp_lf. It is easy to justify the spline
collocation method uy + PNV¢_1V¢7bu N = PNVQD_1 f since we may assume the com-
pactness of VSO_lV%b € L(C). But numerical realisation of the method is usually
too complicated because of factor Vw_l. Neverteless, if V¢_1 has a representation

V.t = Vy(D—pI) for a ¢ € L'(0,1), where (D,u)(t) = (tu(t))', (10)
then, with ¢ in the hand, discrete versions of spline collocation are easily realisable;
moreover, (11) implies the compactness of VSD_1 e L(C™ C™). For instance, for
olx) =271 —27)", B <1, v>0,0< v < 1, representation (10) holds with
Ylz) = e P01 — a7y

A possibility to represent VSO_1 in form (10) is an open problem, in general.



2. Solving a second kind version of (1) free of V'. Consider first the
case where (2)-(6) for r = 0 are accomplished by condition fol x| ¢(x) ] dr < oo;
then a finite limit lim,_,; p(x) := (1) > 0 exists. Applying D, — 51 to both sides
of equation V,u + V,u = f, rewrite (1) in an equivalent form

p(Du = Vyu+Vy, pu—Voput (D= BI) f (11)
with 15 > 0 introduced in (5) and b1(Z, s) = £ 9b(t, s)/0t. Operators Vy, , and V)
are compact in C, operator V;,, is noncompact. To the second kind cordial Volterra
integral equation (11) one can apply the results |3,4,7] about the convergence and
optimal convergence speed of spline collocation methods and their discrete versions,
as well as about the matrix form of those. We omit detailed reformulations (those
are quite straightforward) but we recall that a special “applicability condition” is
necessary. Namely, for the simplified equation ¢(1)u = Vi u+ f, the unique solvabil-
ity of the spline collocation system corresponding to first subintervals [ih, (7 + 1)h],
1 =1, ..., 19, must be either assumed or, if possible, established; here i is sufficiently

big but independent of IV, see [3,4,7| for details.



3. Case fol x| ¢ (x) | dr = co. Assuming still (2)-(6) for r = 0, we propose to
approximate ¢ by ¢. defined in (9) and to solve the regularized equation V,,_,u = f
equivalent to (cf. (11))

pe(Lu = Vi u+ Vi, pu — Vy_pu+ (Ds — BI) f; (12)
here 3..(v) == PBy(x) + xpl(x). Note that . inherits from ¢ properties (2)-(6),
r =0, but fol x| ¢.(z) | dv < co. Theorem 4 enables to control the error caused
by the approximation of ¢ by ..

4. A hybrid polynomial/spline collocation method: on [0, 7j] solve (1)
by polynomial collocation of degree n and continue on [Tj, T'] by spline collocation
of degree m — 1 for equation (11) or (12). Taking Ty € (0,T) small, say, of order
0.1, a prescribed accuracy of polynomial collocation on [0, Tj| can be achieved for a
relatively small n (see Theorem 7). For sufficiently small h, the applicability con-
dition of spline collocation on [T}, T is fulfilled. By this strategy one can overcome

the difficulties caused by the noncompactness of operators Vi, and Vi, .
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