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Approximation spaces

Let X be a quasi-Banach space. An approximation family in X is a
sequence pGnqnPN0 formed by subsets of X such that the following
conditions hold

G0 “ 0 and Gn Ď Gn`1 for n P N0,

λGn Ď Gn for any scalar λ and n P N,

Gn ` Gm Ď Gn`m for any n,m P N.

Given any f P X and n P N, the n-th approximation error of f is given by

Enpf q “ Enpf ;X q “ inft}f ´ g}X : g P Gn´1u.
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Let α ą 0 and 0 ă p ď 8. The approximation space Xα
p “ pX ,Gnq

α
p is

the set of all f P X which have a finite quasi-norm

}f }Xαp “

˜

8
ÿ

n“1

pnαEnpf qq
pn´1

¸1{p

.

Ź A. Pietsch, J. Approx. Theory 32 (1981) 115–134.

Ź P.L. Butzer, K. Scherer, Mannheim, 1968.

Ź Yu.A. Brudny̆ı, Jaroslavl, 1977.
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Examples

‚ Let X “ `8 and Gn “ sn, the subset of sequences having at most n
coordinates different from 0, then

Enpξq “ |ξ
˚
n | and p`8q

α
p “ `1{α,p.

‚ Let E and F be Banach spaces. If X “ LpE ,F q and Gn “ FnpE ,F q,
then

EnpT q “ anpT q and pLpE ,F qqαp “ L1{α,ppE ,F q.

‚ Let 0 ă p ď 8. If X “ LppTq and Gn “ Tn, the subset of all
trigonometric polynomials with degree less than or equal to n, that is,

Tn “

#

n
ÿ

k“´n

cke
ikx : ck P C

+

.

Then, pLppTqqαq “ Bαp,qpTq.

Ź H.-J. Schmeisser, H. Triebel, Wiley, Chichester, 1987.
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Let ´8 ă γ ă 8 and 0 ă p ď 8. The limiting approximation space

X
p0,γq
p “ pX ,Gnq

p0,γq
p is formed by all elements f P X such that

}f }
X
p0,γq
p

“

˜

8
ÿ

n“1

pp1` log nqγEnpf qq
pn´1

¸1{p

ă 8.
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Ź F. Fehér, G. Grässler, J. Comput. Anal. Appl. 3 (2001) 95–108.

Note that X
p0,γq
p “ X if γ ă ´1{p. Moreover, the following continuous

embeddings hold
Xα
p ãÑ X p0,γqq ãÑ X

for any choice of parameters.
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The theory of limiting approximation spaces does not follow by taking
α “ 0 in the classical theory.

‚ Representation theorem (Pietsch).- An element f P X belongs to Xα
p if

and only if

f “
8
ÿ

k“0

gk , gk P G2k , (1)

with
8
ÿ

k“0

p2kα}gk}X q
p ă 8. (2)

Moreover,

}f }Xαp „ inf

˜

8
ÿ

k“0

p2kα}gk}X q
p

¸1{p

,

where the infimum is taking over all possible representations (1) such
that (2) holds.
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Reiteration of approximation constructions

Let pGnq be an approximation scheme in X . Since Gn Ď Xα
p and

Gn Ď X
p0,γq
q for any n P N0. Then, pGnq determines an approximation

scheme in Xα
p and X

p0,γq
q .

Reiteration theorem (Pietsch).- Let α, β ą 0 and 0 ă p, r ď 8. Then, we
have with equivalence of quasi-norms

pXα
p q

β
r “ Xα`β

r .

Reiteration theorem (Fehér-Grässler).- Let 0 ă q, r ď 8, γ ą ´1{q and
δ ą ´1{r . Then, we have with equivalence of quasi-norms

pX p0,γqq qp0,δqr “ X p0,γ`1{q`δq
r .
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We study the stability properties when we apply first the construction

p¨qαp and then p¨q
p0,γq
q or vice versa.

Ź F. Cobos, O. Doḿınguez, J. Approx. Theory 189 (2015) 43–66.

THEOREM.- Suppose that α ą 0, 0 ă p, q ď 8 and γ ą ´1{q. Then,

pX
p0,γq
q qαp “ X

pα,γ`1{qq
p with equivalence of quasi-norms, where

}f }
X
pα,γ`1{qq
p

“

˜

8
ÿ

n“1

pnαp1` log nqγ`1{qEnpf ;X qqpn´1

¸1{p

.

Ź E. Pustylnik, Collect. Math. 57 (2006) 257–277.
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Ź F. Cobos, O. Doḿınguez, J. Approx. Theory 189 (2015) 43–66.

THEOREM.- Suppose that α ą 0, 0 ă p, q ď 8 and γ ą ´1{q. Then,

pX
p0,γq
q qαp “ X

pα,γ`1{qq
p with equivalence of quasi-norms, where

}f }
X
pα,γ`1{qq
p

“

˜

8
ÿ

n“1

pnαp1` log nqγ`1{qEnpf ;X qqpn´1

¸1{p

.

Ź E. Pustylnik, Collect. Math. 57 (2006) 257–277.



We study the stability properties when we apply first the construction

p¨qαp and then p¨q
p0,γq
q or vice versa.
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PROOF (OUTLINE).- The embedding pX
p0,γq
q qαp ãÑ X

pα,γ`1{qq
p is

obtained via Jackson-type inequality

E2n´1pf ;X q À p1` log nq´pγ`1{qqEnpf ;X p0,γqq q, f P X p0,γqq , n P N.

Conversely, to obtain the embedding X
pα,γ`1{qq
p ãÑ pX

p0,γq
q qαp we use the

representation theorem for X
pα,γ`1{qq
p .
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Let α ą 0, 0 ă p, q ď 8 and γ ě ´1{q. The space Zα,p,γ,q is formed by
all ξ P `8 for which

¨

˝

8
ÿ

n“1

»

–p1` log nqγ

˜

8
ÿ

j“n

pjαξ˚j q
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fi

fl

q

n´1

˛

‚

1{q

ă 8.

When q “ 1,Zα,p,γ,1 is a small Lorentz sequence space.

Ź A. Fiorenza, G.E. Karadzhov, Z. Anal. Anwend. 23 (2004) 657–681.
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Relation between smoothness of Dk f and f

Let α, γ P R and 0 ă p, q ď 8. Let pϕjqjPN0 be a dyadic resolution of
unity. The Besov space Bα,γp,q pTq is formed by all f P D1pTq such that

}f }Bα,γp,q pTq “

˜

8
ÿ

j“0

p2jαp1` jqγ}F´1pϕjFf q}LppTqq
q

¸1{q

ă 8.

Here F and F´1 denotes the Fourier transform and inverse Fourier
transform, respectively.

Let k P N. It holds that if f P Bk,γ
p,q pTq then Dk f P B0,γ

p,q pTq.
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THEOREM.- Let 1 ă p ă 8, 0 ă q ď 8 and γ ą ´1{q. If

f P B
k,γ`1{mint2,p,qu
p,q pTq then Dk f P B0,γ

p,qpTq.

PROOF.- Since the operator Dk : W k
p pTq ÝÑ LppTq is bounded, then

Dk : pW k
p pTqqp0,γqq ÝÑ pLppTqqp0,γqq “ B0,γ

p,qpTq.

Applying reiteration constructions we derive that

pW k
p pTqqp0,γqq Ðâ pBk

p,mintp,2upTqq
p0,γq
q “ ppLppTqqkmintp,2uq

p0,γq
q

Ðâ pLppTqqpk,γ`1{mint2,p,quq
q “ Bk,γ`1{mint2,p,qu

p,q pTq.

REMARK.- The previous result is the best possible.
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