Analysis of an Ill-Posed Cauchy Problem for a Convection-Diffusion Equation

Z. RANJBAR Linköping University, SE-581 83 Linköping, Sweden e-mail: zoran@math.liu.se

Abstract

We consider the following Cauchy problem for a convection-diffusion equation, u_t = au_{xx} + 2bu_x + cu, 0 ≤ x ≤ 1, 0 ≤ t ≤ 1, a > 0, u(x, 0) = 0, 0 ≤ x ≤ 1, u_x(0, t) = 0, 0 ≤ t ≤ 1, u(0, t) = g(t), 0 ≤ t ≤ 1. (1)

From the data at the left boundary we want to determine the solution at the right boundary u(1, t) = f(t), where u is concentration of certain species, a is diffusion constant, b is flow velocity and c is reaction coefficient [3]. The inverse problem (1) is studied in [5].

Non-characteristic Cauchy problems for parabolic equations are well-known to be severely ill-posed in the sense that a small perturbation in the data g may cause a large error in the solution f, see e.g. the survey [1] and the references therein. Stability can be restored by imposing a bound on the solution. Some stability result for (1) are given in [4, 2].

In this paper we study how the convection term influences the degree of ill-posedness. We compute numerically the singular values and corresponding singular functions (vectors) of the equivalent Volterra integral equation of the first kind. We show that the coefficient in the convection term determines the rate of decay of the singular values, and thus it influences the degree of ill-posedness. We also discuss how the stability depends on the convection term. Some numerical examples are given.

This is joint work with L. Eldén.

References

1. L. Eldén, Numerical Solution of the Sideways Heat Equation, Inverse Problems in Diffusion Processes, (1995), 130–150, H. Engl and W. Rundell, SIAM, Philadelphia.

2. Dinh Nho Hao and H-J Reinhard, On a sideways parabolic equation, Inverse Problems, 13(1997), 297-309.

3. W. Hundsdorfer, J. G. Verwer, Numerical Solution of Time-Dependent Advection- Diffusion-Reaction Equations, Springer, (2003).

4. P. Knabner and S. Vessella, The Optimal Stability Estimate for some Ill-posed Cauchy Problems for a Parabolic Equation Math. Methods Appl. Sciences, 10(1988), 575-583.

5. W. R Smith and G. C. Wake, Mathematical Analysis: An Inverse Problem Arising in Convective-Diffusive Flow, IMA J. Appl. Math., 45 (1990), 225-231.